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orthogonal collocation techniques are used to Simulate the

solution to the hydrodynamic partial differential equations

describing mass transport to a dropping mercury electrode

lomr.i. Accurate values for' the concentration profiles and

current are obtained with minimal computational effort.
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The weighted residual method of orthoyonal collocdtion has heciocity of this point is thus givf by

been used to generate accurate solutions to electrochemical \(

diffusion problems (l-1l). The purpose of this votk is to V dr 4 1 4.J 141

demonstrate the utility of the method by application directly to dt 3(-yxtvt )2/3 3r
2

4 ad
a differential equation containing Convective terms. The Case le wish to normalize the distance coordinate to a 10.11 space

considered here is the diffusive and convective transport of an where 0 represents the electrode surface. and I represents a

electroactive species to the dropping mercury electrode (DRE). point In solution where no ditfusional processes occur during the

In term of radial distance r from the center of the mercury experiment. We denote this real point am H. Its movement is

drop, the hydrodynamic equation describing the concentrdtion of given by an equation analogous to 3) ;

the electroactive species in time is given (12) by

c D .
2
c 20 ic Vc 4.d

Ot 6r
2  

r 6r Or
where t* is the time needed to grow a sphere Of radius K. 1MhC

where vr is the velocity of a point in solution toward the space between the electroe surface and N then is used in

growing mercury drop. The radius r0 of the drop grows as normalization.

1/3 It is seen that such a space is time dependent. i.e. the

0 121 space will diminish in time. This is physically observed as the

decrease in diffusion layer thickness resulting in an increase in

where a is the flow rate and d the density of mercury, current at Constant potential. for Our analysis. it is desired

Considering only convection, a point r in solution at t-0 is to eliminate this time dependency of the distance coordinate.

pushed outwards. As volume "ost be conserved, its so-sent is This is done by observing that the difference in the cubes of the

described by quantities M and r
0
°is time independent.

r . (3 (t t._ ) 11)3 3 /3 "r*Ill K
1 

- rO . -35t' (Il
4 W 0 4.id

where t' is the tie it would take tog a sphere of radius r- to A point in solution will move with respect to the growing mercury

be formed at a flow rate I.// di surface ,J well. Vk can reter to a point fised in the N
) 
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3 L
tj space as R if R is defined a-

For a function w fixsy) which has continuous real first
- !- 171 and second partial differt'ils. we wish to be able to transform

3_3 1 /3
-" 1O 3 to the new variables u and v whore u and v are given by

where r is the radial distance from the center of the drop to the

point in question. x - *Iu,v) 1131

We define our dimensionless time variable T as

and

to IS)

3
I  

- r3 2/3
fy 1 *o,v) 1141

and a constant S as

The resulting first partial derivatives are given by

( 3 191
01W 3-r0

} 1 / 3
'v.4v J+6 *45~i list

40 is !0 A y iu

where a is given by

( 3 t -)
1/

3 1101 45. 6. af v ia (161
iv is iv iy iv

We need now to perform the transformation of the If vl.,yl corresponds to crt|, and 9 eorresponds to i-- and

differential equation III to dimensionless coordinates. In terms 6
2

,
3

of the new coordinates and constants. we find that a corresponds to a
3 -  

, the., we have

1111. 12/31)

ac3 iS 3rf'S 32/3 a it
0 30

2  
GR ar a t(G 023 t ARk 2,,31

and and
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Thus all" ] a 7/3 D * 2 1 2
!hus -I .. _ _ _ !0 6c - .D

&
6  

6T .6 T 
2
13 .6 62/
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S so-ar Gr a3 6 . 3....'.. 3 1  "

LID *
2
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4<: a
3  

C +46 c 6 03D Ic 44/'3f2 Ic 10
a cL ! -- 1201 where

3 2/3D Or2/3 &L a203 It It a
6  

6T 3 3 T2/1 Ir

Cooinang 119! and 1201 , we have C 126i

bc

!c - 7-D c I ./3D3 6c 1211 cu being the bulk concentration of substrate. Equation 1251 is

It a
6  

6T 3
6
T'

2  
6t readily reduced to

The second partial with respect to the distance coordinate is

obtained by re,-oqnilzflq that 2 _/ _______- 1271
? IR

2  
IT/3, 1/3 3 3l6.S'

3
Tl/j II

-
c 
. *_() . L(9 LC) 1221

6r
2  

Ir Ic &V a
3 

46
DISCRETIZATION OF THE DIFFEkENTIAL EQUATION

It can be shown that

A,-urate solutions of the diflerential equatlon, 1271 are

L . D a 1231 obtained at the roots of shifted Jacobi polynomlal& on the 10,I)

Ir a 
3 

6 inlerval as a function of time by orthoqonal collocation

so that - now have' (1.3,111. In teers of the collocation coefficients AtI and A,)

(functions of the roots of thc polynomial only as previously

s2c _2D2 6
2
c 124 detinedl we have that, at the roots R, of the polynomial.

4r 2 a6 _ 2

E uations 1121, 1191. 121. and 1241 are substtuted into tie dl JR, A- ] C (62,?1

differentiali equation to get
and
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These differentials, no. referrinq tr explicit points in

d
2
c.l-- MZ2 bj- *

l  
.. ) 12'1 simulation space, reduce the partial differential equation to the

d11
2  

followinq set of N first order ordinary differential equation in

where l is the order of the polynomial. W42 terms are taken in N unknowns which may be solved simultaneously for the cIj.T)

order to include the electrode surface (R-01 and the point in

solution "here no diffuslo. occurs c il.
fpu*Mo ur.( dc *412 "

e take as so e mperisent the Imposition of a constantd. t c INI .1)* 2 * - -

potential to the electro$, surface such that c(0,.) is equal to dl' I i j-2 P 1/ T 1/3 3?-2/

zero durinq the qrowth of the drop. The mechanism is simple

singie electron transfer. We refer to the concentration of the T 1341

substrate only. 
3(R.#S -2 A,, c/

we thus recognize that

C * ( .") 0 30 1T 
S NI.MYT D CURRENT

C
5 

10.11 * 0 130|

The current is qiven by Fick's ftrst lsa.

and

i- nrAD(4'- 1351
Atr r

0

cei1,11 * 1 1311

where A is the area of the tilt

such that

A - 4 r2 1361

*dcl1 3.1* A1 , * A~1 c (T ,) 1321

dR S i J.2 Substitution of 141 and 1191 into 1351 and simplifyilnresults,

in terms of the dimensionless parameters.
and

d~c J * Nl 1331 4.npcbal 11/T
2
/3(t! ) 1371

-1.1142 9.[2 Bl) ij c ( T
)  

1331 0P

The differential is immediately discretiled. considerinq the
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boundary conditions c*(0.T 0 and c*(l .I *, to 708 nDl/2Cb
5
2/3ti/6 143)

I - 4snFcaI&30~/3T2/
3 

Ai.N.2 I2 A-) c IS .?lj1381 which is converted by the same substitution& to

- .. be-/32/3 iH2 A c C IL ,Tl 1391 1 - 708 , cbI(_3J l/l'/60
- 1 /

3 1441
2 24 .d

The current is calculated in the output subroutine of the - 18.41 5M2/1Tl/66-1/3 1451

pogras.

RESULTS Values for the parameters for a typical real case were chosen ar4

the results are given in Figure 2.

The simulated current is compared to the solution offered by
COMPUTATIONAL ASP'ECTS

KOutecky (14) which is corrected for spherical dittusion

Results accurate to 0.4 0 of Koutecky's calculated values

I 08 n cb,2/l/2tl/6( 1
-3 4 .7 1/2t

1 1 8
.-

1 1 3
.lO0 O 1/3,-2/1 are Obtained with minIal computational effort. Using 6 solution

1401 points (collocation points, polynomial rootel 1000 current vato*

and concentration profiles are generated by the program in less

Again, equation 1III Is used to convert to dimensionieus ttm* than 0.5 seconds using an Amdahl 470-V6 Computer. The program,

which has been described (4,13). is Modular in design. Switching

id )4( d r. 0 the problem deIcribed herein to simple linear diffusion

requires the changing of onIl? 2 program statements. Such minimal

changing of the program is retained with all other

1411 electrochemical modhLing problems.
4sq

Ig.4lcbm i
6 1

] (010.907 Tl0.0678 TI/ -2/1) 1421 CONCLUSIONS

Orthigonal collocation may be adapted in a straightforward

we cay also compare the current to the ilkovic equation manner to provide accurate solutions to hydrolynamic problems in

iicctrochemistry. The problem herein discussed describes Only
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the first drop in an actual *speriment and useful data may only ACUNOMLEO6EHEIIT

be obtained from subsequent drops which apparently encounter 
-

reproducible concentration perturbations of the reaction layer. Pa"t of this work was supported by a grant from the office

These perturbations are due to convective transport initited by of Naval Research, Washington. and the bepartent of (heistry,

the first drop. we are preparing the simulation tr.jtment for University of Alberta. The authors thank Professor Praser sirs&

thin case, as Wll as those describing the current obtained when for his most helpful comments on the mathematics of the problem.

following chemical reactions and adsorption are involved in the

overall reaction mechanism.
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